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We prove that a topological group G is strongly countably complete (the notion introduced
by Z. Frolík in 1961) iff G contains a closed countably compact subgroup H such that
the quotient space G/H is completely metrizable and the canonical mapping π :G → G/H
is closed. We also show that every strongly countably complete group is sequentially
complete, has countable Gδ-tightness, and its completion is a Cˇech-complete topological
group. Further, a pseudocompact strongly countably complete group is countably compact.
An example of a pseudocompact topological Abelian group H with the Fréchet–Urysohn
property is presented such that H fails to be sequentially complete, thus answering a
question posed by Dikranjan, Martín Peinador, and Tarieladze in [Appl. Categor. Struct. 15
(2007) 511–539].
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1. Introduction
A topological group G is called feathered (or almost metrizable) if G contains a nonempty compact set with a countable
neighborhood base in G (see [16] or [2]). According to Pasynkov’s theorem in [16], a topological group G is feathered if
and only if G contains a compact subgroup H such that the quotient space G/H is metrizable. Similarly, it was shown
in [16] and later in [3] that a topological group G is Cˇech-complete if and only if G contains a compact subgroup H such
that the quotient space G/H is metrizable by a complete metric. Choban established in [5] that every feathered topological
group G is a dense subgroup of a Cˇech-complete topological group or, more precisely, the Raı˘kov completion G of G is
Cˇech-complete.
Cˇech-completeness is quite a strong topological property. It is well known (see [10]) that a Tychonoff space X is Cˇech-
complete iff X is a Gδ-set in some (equivalently, every) Hausdorff compactiﬁcation of X . Cˇech-completeness is countably
productive and is hereditary with respect to Gδ-subsets.
In 1961, Z. Frolík [12] introduced the class of strongly countably complete spaces which contains all (locally) countably
compact spaces as well as all Cˇech-complete spaces. He also showed that a metrizable space is strongly countably complete
iff it is completely metrizable (equivalently, Cˇech-complete).
Since then, the notion of strong countable completeness has not been paid much attention, except for Namioka’s arti-
cle [15], where this notion appeared in several deep results about separate and joint continuity of mappings deﬁned on a
product of two factors. Also, we have to mention the article [17] by Pﬁster, where he proved that a regular (locally) strongly
countably complete paratopological group was a topological group.
Here we study the effects caused by strong countable completeness in topological groups exclusively. We show in Ex-
ample 2.9 (under Martin’s Axiom) that strong countable completeness is quite fragile—even the product of two countably
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of two countably compact groups G1 and G2 such that the product group G1 × G2 contains a closed countable inﬁnite
subgroup. Nevertheless, the class of strongly countably complete groups admits a nice characterization via quotient spaces
with respect to closed countably compact subgroups.
Our aim is to present the proof of the following result the ﬁrst part of which looks like Pasynkov’s theorem cited above:
Theorem 1.1. A topological group G is strongly countably complete iff G contains a closed countably compact subgroup H such that
the quotient space G/H is completely metrizable and the quotient mapping π : G → G/H is closed. Further, every strongly countably
complete group G has the following properties:
(a) G is sequentially complete;
(b) G is (locally) pseudocompact iff it is (locally) countably compact;
(c) G is Gδ-dense in G, the Raı˘kov completion of G;
(d) G is a Moscow group;
(e) the Gδ-tightness of G is countable;
(f) the Dieudonné completion μG of G coincides with G, so G is C-embedded in G.
The proof of this theorem is split into several steps; all the terms that appear in the theorem (Moscow group, Gδ-
tightness, etc.) will be explained below.
Our strategy of the proof of Theorem 1.1 is as follows. In Section 2 we establish several general facts about strongly
countably complete groups and deduce (a) of Theorem 1.1 (see Theorem 2.5). We also show in Example 2.7 that there exists
a pseudocompact Abelian group H with the Fréchet–Urysohn property which fails to be strongly countably complete. The
same group H is used in Corollary 2.8 to show that a pseudocompact topological group with the Fréchet–Urysohn property
need not be sequentially complete. This answers Questions 7.2 and 7.3 from [7] in the positive.
Section 3 is dedicated almost exclusively to the proof of Theorem 1.1. First we show in Theorem 3.1 that every strongly
countably complete group G contains a closed countably compact subgroup H such that the quotient space G/H is metriz-
able and the canonical mapping π : G → G/H is closed. We also establish in the same theorem that the Raı˘kov completion
G of G is Cˇech-complete.
The main diﬃculty in the further argument is to prove that the quotient space G/H is completely metrizable. In
Lemma 3.9 we show that a strongly countably complete group G is Gδ-dense in G . Notice that this implies (c) of The-
orem 1.1. The complete metrizability of G/H , for an appropriate choice of H , is established in Theorem 3.10. Finally, in
Proposition 3.13 and Theorem 3.14 we show that every strongly countably complete topological group has properties (d)–(f)
listed in Theorem 1.1.
A necessary and suﬃcient condition on a strongly countably complete group G is found to guarantee that the subgroup
H of G as above can additionally be chosen invariant in G . It turns out that G has to have countable invariance number (see
Theorem 3.12).
1.1. Notation and terminology
A Tychonoff space X is Cˇech-complete if it is a Gδ-set in some (every) Hausdorff compactiﬁcation bX of X (see [10,
Section 3.9]). An ‘internal’ characterization of Cˇech-complete spaces appears in [10, Theorem 3.9.2]: A Tychonoff space X is
Cˇech-complete if and only if there exists a sequence {γn: n ∈ ω} of open coverings of X with the property that any family
F of closed subsets of X which has the ﬁnite intersection property and contains sets of “diameter” smaller than γn for
n = 0,1,2, . . . , has nonempty intersection. This characterization was used by Z. Frolík in [12] as a starting point to deﬁne
the following notion.
A space X is called strongly countably complete if there exists a sequence {γn: n ∈ ω} of open coverings of X such
that every decreasing sequence {Fn: n ∈ ω} of nonempty closed sets in X has nonempty intersection provided each Fn is
contained in some element of γn . It is easy to see that every Cˇech-complete space is strongly countably complete. It is
also clear that locally countably compact spaces are strongly countably complete. A metrizable space is strongly countably
complete if and only if it is completely metrizable [12, Theorem 2.4].
A subset Y of a space X is said to be sequentially closed in X if no sequence in Y converges to a point in X \ Y .
Given a topological group G , we use G to denote the Raı˘kov completion of G . If G is sequentially closed in G , we say
that G is sequentially complete. All countably compact groups are sequentially complete.
A topological group G is feathered or, equivalently, almost metrizable if G contains a nonempty compact subset with a
countable neighborhood base in G .
We also say that G has countable invariance number if for every neighborhood U of the identity e in G , one can ﬁnd
a countable family γ of open neighborhoods of e such that for each x ∈ G there exists V ∈ γ satisfying x−1V x ⊆ U . It is
immediate from the deﬁnition that all topological Abelian groups as well as all metrizable groups have countable invariance
number. By a theorem of Katz in [14], a topological group G is topologically isomorphic to a subgroup of a product of
metrizable groups iff G has countable invariance number.
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Gδ-sets in X . The class of Moscow groups is very wide (see [2, Section 6.4]).
We say that the Gδ-tightness of a space X is countable if for every family γ of Gδ-sets in X and every point x ∈⋃γ ,
there exists a countable subfamily λ ⊆ γ such that x ∈⋃λ. By [2, Corollary 1.6.9], every product of ﬁrst countable spaces
has countable Gδ-tightness. We will also use the fact that a topological group H has countable Gδ-tightness provided that
H is a k-space (see [2, Theorem 5.5.4]).
Let Z2 = {0,1} be the two-element group with addition modulo 2 and κ a cardinal. Given an element x ∈ Zκ2 , we put
supp(x) = {α ∈ κ: x(α) = 1}.
Then
ΣZκ2 =
{
x ∈ Zκ2 :
∣∣supp(x)∣∣ω}
is a subgroup of Zκ2 called the Σ-product of κ copies of the group Z2.
2. Sequential completeness and pseudocompactness in strongly countably complete groups
Suppose that {γn: n ∈ ω} is a family of open coverings of X . Let us say that a sequence {Ak: k ∈ ω} of nonempty subsets
of X has property (F) if for every n ∈ ω there exists k ∈ ω such that Ak ⊆ U for some U ∈ γn .
A space X is said to be countably complete if there exists a countable family {γn: n ∈ ω} of open coverings of X such that
every decreasing sequence {On: n ∈ ω} of nonempty open subsets of X with property (F) has a cluster point in X . The
term locally countably complete is self-explanatory.
It is clear that all strongly countably complete spaces as well as all pseudocompact spaces are countably complete. Since
a pseudocompact space need not be strongly countably complete (in Example 2.7 we present a pseudocompact topolog-
ical group which is not strongly countably complete), there are many countably complete spaces that fail to be strongly
countably complete.
The ﬁrst auxiliary fact is quite elementary.
Lemma 2.1. Every regular locally countably complete space is a Baire space.
Proof. Since a space covered by a family of open Baire subspaces is Baire, it suﬃces to deduce the conclusion of the lemma
for an arbitrary countably complete space X . Let {γn: n ∈ ω} be a sequence of open coverings of X witnessing the countable
completeness of X . Suppose that {On: n ∈ ω} is a family of open dense subsets of X and let U be an arbitrary open
nonempty set in X . It is easy to deﬁne by induction sequences {Vn: n ∈ ω} and {Wn: n ∈ ω} of nonempty open sets in X
such that W0 ⊆ U ∩ O 0 ∩ V0, Wn+1 ⊆ Wn ∩ On+1 ∩ Vn+1, and Vn ∈ γn for each n ∈ ω.
It follows from our choice of the sets Wn ’s that the intersection
⋂
n∈ω Wn is nonempty and is contained in both sets U
and
⋂
n∈ω On . Hence the set
⋂
n∈ω On is dense in X . 
The above lemma implies that all strongly countably complete spaces are Baire. The proof of the next lemma is standard,
so we only sketch it.
Lemma 2.2. Every regular countably complete space X without isolated points has cardinality at least 2ω .
Proof. Let {γn: n ∈ ω} be a family of open coverings of X witnessing the countable completeness of X . Denote by K the
set
⋃
n∈ω 2n of functions from some n ∈ ω to 2 = {0,1}. For every f ∈ K, we deﬁne an open nonempty subset U f of X by
induction on n = |dom( f )|. We start with letting U0 = X . Suppose that for some n ∈ ω, the sets U f have been deﬁned for
all f ∈ 2m with m n. If f ∈ 2n , we take an element O f ∈ γn such that U f ∩ O f = ∅ and choose two open nonempty sets
U f 0 and U f 1 in X such that the closures of U f 0 and U f 1 are disjoint and contained in U f ∩ O f .
It follows from our choice of the sets U f that for every g ∈ 2ω , the intersection P g = ⋂n∈ω Ugn = ⋂n∈ω Ugn is
nonempty and that P g ∩ Ph = ∅ whenever g,h ∈ 2ω and g = h. Hence |X | |2ω| = c. 
The following simple fact was mentioned in [12] in a slightly weaker form. We omit its proof.
Lemma 2.3. In a Baire space X, the family of dense Gδ-sets is closed under countable intersections.
Lemma 2.4. Let X be a strongly countably complete space. If X is a subspace of a Hausdorff space Y , then X is sequentially closed in a
Gδ-subset of Y containing X.
Proof. Let {γn: n ∈ ω} be a countable family of open coverings of X witnessing the strong countable completeness of X .
For every open set U in X denote by U˜ an open subset of Y such that X ∩ U˜ = U . Let γ˜n = {U˜ : U ∈ γn} and On =⋃ γ˜n for
each n ∈ ω. Clearly, P =⋂n∈ω On is a Gδ-set in Y and X ⊆ P . We claim that X is sequentially closed in P .
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element Vn ∈ γ˜n such that y ∈ Vn . Since the sequence {xk: k ∈ ω} converges to y, for every n ∈ ω there exists m ∈ ω such
that Fm = {xk: k m} ⊆ Vn . Notice that the set Fm is closed in X for each m ∈ ω. Since X is strongly countably complete,
the intersection of the decreasing sequence {Fm: m ∈ ω} has to be non-empty, which is clearly false. Thus X is sequentially
closed in P . 
Theorem 2.5. Every strongly countably complete topological group is sequentially complete.
Proof. Suppose to the contrary that a strongly countably complete group H fails to be sequentilly complete. Then there
exists a sequence {xn: n ∈ ω} ⊆ H converging to an element y ∈ H \ H . If z is an arbitrary element of the coset yH , then
the sequence {xn y−1z: n ∈ ω} converges to z. Since y−1z ∈ H , all elements of the latter sequence lie in H . In other words,
every element of yH is a limit of a sequence lying in H .
Applying Lemma 2.4 with X = H and Y = H , we can ﬁnd a Gδ-set P in H containing H such that H is sequentially
closed in P . Hence P ∩ yH = ∅. By our choice of P , there exists a countable family {On: n ∈ ω} of open sets in H such
that P =⋂n∈ω On . Since H is dense in H and H ⊆ On for each n ∈ ω, the closed sets Kn = H \ On are nowhere dense
in H . Since yH is also dense in H , Kn ∩ yH is a closed nowhere dense subset of yH , for each n ∈ ω. It now follows
from P ∩ yH = ∅ that yH ⊆⋃n∈ω Kn . However, this is impossible because Lemma 2.1 implies that both H and yH are Baire
spaces. This contradiction ﬁnishes the proof. 
Let us show that pseudocompact topological Abelian groups can fail to be strongly countably complete. Our construction
is based on the existence of proper dense pseudocompact subgroups of the Σ-product of c = 2ω copies of the discrete
two-element group Z2 (see [20]). Here we give an explicit construction of such subgroups.
Lemma 2.6. Let G be the Σ-product of c copies of the discrete group Z2 with the topology inherited from Zc2 . Then G contains a proper
dense pseudocompact subgroup.
Proof. In what follows the elements of Zc2 are identiﬁed with functions from c to Z2. Let b be an element of G such that
b(0) = 1 and b(α) = 0 for each α > 0. Denote by S the set of all functions f such that dom( f ) is a countable subset of c
and f takes values in Z2. Since the cardinality of S is c, we can enumerate it as S = { fα: α < c}. Clearly, there exists a
family {Aα: α < c} of nonempty countable disjoint subsets of c \ {0} such that Aα ∩ dom( fβ) = ∅ whenever β  α < c.
For every α < c, take a point xα ∈ Zc2 satisfying the following conditions:
(i) xα(ν) = fα(ν) for each ν ∈ dom( fα);
(ii) xα(ν) = 1 for each ν ∈ Aα .
(iii) xα(ν) = 0 if ν ∈ c \ (dom( fα) ∪ Aα).
Notice that xα ∈ G by (iii). Let H be the subgroup of G generated by the set X = {xα: α < c}. It follows from (i) and our
choice of the set S that πC (H) = πC (X) = ZC2 for every countable set C ⊆ c, where πC is the projection of Zc2 to ZC2 . In its
turn, the latter property of H implies that the subgroup H of G is pseudocompact and dense in G (see [2, Theorem 2.4.15]).
It remains to verify that b /∈ H , i.e., H is a proper subgroup of G .
Take an arbitrary element x ∈ H distinct from the identity. Then we can ﬁnd ordinals α1 < · · · < αn < c such that
x = xα1 + · · · + xαn . Let ν ∈ Aαn be arbitrary. Then (ii) implies that xαn (ν) = 1. Let k < n. Since Aαn ∩ Aαk = ∅ and Aαn ∩
dom( fαk ) = ∅, it follows from (iii) that xαk (ν) = 0. Hence x(ν) = 1, while b(ν) = 0. It follows that x = b and b /∈ H . This
ﬁnishes the proof of the lemma. 
The next example shows, in particular, that one cannot weaken ‘strongly countably complete’ to ‘countably complete’ in
Theorem 2.5.
Example 2.7. There exists a pseudocompact Abelian group H with the Fréchet–Urysohn property which is neither sequentially complete
nor strongly countably complete. Hence countably complete topological groups can fail to be sequentially complete.
Proof. Let G be the Σ-product of c copies of the two-element group Z2 and H a proper dense pseudocompact subgroup
of G whose existence was established in Lemma 2.6. According to [2, Corollary 1.6.33], the group G has the Fréchet–
Urysohn property. Hence, for each point x ∈ G \ H , one can ﬁnd a sequence lying in H and converging to x. Thus, H cannot
be sequentially closed in G and, according to Theorem 2.5, H fails to be strongly countably complete. 
The following corollary answers Questions 7.2 and 7.3 from [7] in the aﬃrmative.
Corollary 2.8. A Fréchet–Urysohn pseudocompact Abelian group H need not be a Conway space, i.e., H can fail to be sequentially
closed in βH.
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(see Lemma 2.6). By a theorem of Comfort and Ross in [6], the Stone–Cˇech compactiﬁcation βH of the pseudocompact
space H coincides with the space Zc2. Since H is a proper dense subspace of the Fréchet–Urysohn space ΣZ
c
2, H cannot be
sequentially closed either in ΣZc2 or in Z
c
2. 
Example 2.9. Under MA, there exist countably compact (hence strongly countably complete) topological Abelian groups G1 and G2
such that the product group G1 × G2 fails to be strongly countably complete.
Proof. Using Martin’s Axiom, E. van Douwen constructed in [9] a countably compact topological Abelian group G without
nontrivial convergent sequences and then, applying a Z FC argument, presented a construction of two countably compact
subgroups G1 and G2 of G such that the product group G1 × G2 contained a closed, countable, inﬁnite subgroup, say C .
Clearly, the group C is precompact and hence has no isolated points. Since strong countable completeness is hereditary with
respect to closed subspaces (and, by Lemma 2.2, an inﬁnite strongly countably complete space without isolated points must
be uncountable), we see that the product group G1 × G2 cannot be strongly countably complete. 
Remark 2.10. By [13, Example 2.4], the existence of a selective ultraﬁlter on ω implies the existence of an inﬁnite countably
compact topological group without nontrivial convergent sequences. Hence Martin’s Axiom in Example 2.9 can be weakened
to the existence of a selective ultraﬁlter on ω.
3. Characterizing strongly countably complete groups
Our aim is to show in Theorem 3.10 that a topological group G is strongly countably complete iff G contains a closed
countably compact subgroup H such that the quotient space G/H is completely metrizable and the quotient mapping of G
onto G/H is closed. This requires a series of auxiliary results some of which have their own value.
We recall that a subgroup H of a topological group G with identity e is called admissible (see [18, Deﬁnition 2.19] or
[19, p. 221]) if there exists a sequence {Vn: n ∈ ω} of open symmetric neighborhoods of e in G such that V 2n+1 ⊆ Vn for
each n ∈ ω and H =⋂n∈ω Vn . It is easy to see that every open neighborhood of e in G contains an admissible subgroup
and that the family of admissible subgroups of G is closed under countable intersections. In particular, every Gδ-set P in G
with e ∈ P contains an admissible subgroup. The concept of admissibility will be used in the proof of the following result.
Further, we recall that a non-negative real-valued function N on a group G is called a prenorm if it satisﬁes the following
conditions for all x, y ∈ G:
(i) N(xy) N(x) + N(y);
(ii) N(x−1) = N(x).
By Markov’s theorem, the topology of every topological group G is generated by the family of continuous prenorms on G .
Theorem 3.1. Let G be a strongly countably complete topological group with identity e. Then the following hold:
(a) G contains a closed, countably compact, admissible subgroup H such that the quotient space G/H is metrizable and the canonical
homomorphism π : G → G/H is closed.
(b) the Raı˘kov completion G of G is a Cˇech-complete space.
Furthermore, every Gδ-set P in G with e ∈ P contains a subgroup H as in (a).
Proof. Let P be a Gδ-set in G containing e. Take a family λ = {Wn: n ∈ ω} of open sets in G such that P =⋂λ. Let also
{γn: n ∈ ω} be a family of open coverings of G witnessing the strong countable completeness of G . For every n ∈ ω, choose
an element Un ∈ γn containing the neutral element e of G . One can deﬁne by induction a sequence {Vn: n ∈ ω} of open
symmetric neighborhoods of e in G such that V0 ⊆ U0∩W0 and V 2n+1 ⊆ Un+1∩Vn∩Wn+1 for each n ∈ ω. Put H =
⋂
n∈ω Vn .
It is easy to see that H is a closed admissible subgroup of G and H ⊆⋂n∈ω Wn = P . We claim that H is countably compact
and that the family {Vn: n ∈ ω} forms a base of neighborhoods of H in G . In fact, both conclusions follow from the next
claim:
Claim. If xn ∈ Vn for each n ∈ ω and the set X = {xn: n ∈ ω} is inﬁnite, then X has an accumulation point in H.
Indeed, let X = {xn: n ∈ ω} be as above. It follows from the choice of the sequence {Vn: n ∈ ω} that V n+1 ⊆ Vn , so our
deﬁnition of H and the inclusions xn ∈ Vn for n ∈ ω together imply that all accumulation points of X lie in H . Therefore,
if X has no accumulation points in H , then it is closed and discrete in G . For every n ∈ ω, put Fn = {xk: k  n}. The sets
Fn are closed in G and Fn ⊆ Vn ⊆ Un ∈ γn for each n ∈ ω, however ⋂n∈ω Fn = ∅. This contradicts our choice of the family{γn: n ∈ ω} and ﬁnishes the proof of the claim.
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X has an accumulation point in H and hence H is countably compact. Suppose that V is an arbitrary open neighborhood
of H in G . If Vn \ V = ∅ for each n ∈ ω, choose points xn ∈ Vn \ V . Then the set X = {xn: n ∈ ω} has no accumulation points
in G , thus contradicting the above claim. Hence {Vn: n ∈ ω} is a base of open neighborhoods of H in G .
Our next step is to show that the left coset space G/H is metrizable. Let π : G → G/H be the quotient mapping of G
onto the left coset space G/H . Apply [2, Lemma 3.3.10] to choose a continuous prenorm N on G satisfying{
x ∈ G: N(x) < 1/2n}⊆ Vn ⊆ {x ∈ G: N(x) 2/2n}
for each integer n 0. It is clear that N(x) = 0 if and only if x ∈ H . Deﬁne a continuous pseudometric d on G by d(x, y) =
N(x−1 y) for all x, y ∈ G . An easy veriﬁcation shows that if x′ ∈ xH and y′ ∈ yH for some x, y ∈ G , then d(x′, y′) = d(x, y).
This enables us to deﬁne a function  on G/H × G/H by

(
π(x),π(y)
)= d(x, y)
for all x, y ∈ G . Since the mapping π is quotient,  is a continuous metric on Y = G/H . Let us verify that  generates the
quotient topology of the space Y . Given points x ∈ G , y ∈ Y and a positive number ε, we deﬁne open balls
B(x, ε) = {x′ ∈ G: d(x, x′)< ε}
and
B∗(y, ε) = {y′ ∈ G/H: (y, y′)< ε}
in G and Y , respectively. From our deﬁnition of  it follows that if x ∈ G and y = π(x), then B(x, ε) = π−1(B∗(y, ε)).
Suppose that the preimage O = π−1(W ) is open in G , where W is a non-empty subset of Y . Take an arbitrary point
y ∈ W . Then π−1(y) = xH ⊆ O , where x is an arbitrary point of the ﬁber π−1(y). Since {Vn: n ∈ ω} is a base for G at H ,
there exists n ∈ ω such that xVn ⊆ O . Let ε = 2−n . Then our choice of N and d implies that B(x, ε) ⊆ xVn . Therefore, we
have
π−1
(
B∗(y, ε)
)= B(x, ε) ⊆ xVn ⊆ O .
It follows that B∗(y, ε) ⊆ W , so the set W is the union of a family of open balls in (Y ,). Hence W is open in (Y ,),
which proves that the metric and quotient topologies on Y = G/H coincide. We have thus proved that the quotient space
Y is metrizable.
It remains to verify that the canonical mapping π : G → G/H is closed. Let F be a closed subset of G and suppose that
y ∈ Y \ π(F ). Take any point x ∈ G such that π(x) = y. Then the coset xH = π−1(y) is disjoint from F , so O = G \ F is
a neighborhood of xH in G . Since {xVn: n ∈ ω} is a base of open neighborhoods of xH in G , there exists n ∈ ω such that
xVn ⊆ O . Then π(xVn+1) is an open neighborhood of y in Y disjoint from π(F ), so π(F ) is closed in Y . Therefore the
mapping π is closed.
(b) Let K be the closure of H in the Raı˘kov completion G of G . Since H is countably compact (hence precompact), K is
a compact subgroup of G . Let ϕ : G → G/K be the canonical mapping of G onto the left coset space G/K . Since H
is dense in K , the restriction of ϕ to G is open when considered as a mapping of G onto the subspace ϕ(G) of G/K . This
implies that ϕ(G) is (canonically) homeomorphic to the quotient space Y = G/H . In what follows we identify Y and ϕ(G).
Let G˜ = ϕ−1ϕ(G) = G · K . Clearly, G˜ is a dense subspace of G and K is a compact subset of G˜ . Since ϕ is open,
the restriction of ϕ to G˜ is an open mapping of G˜ onto ϕ(G˜) = ϕ(G) ∼= Y . Further, as K is a compact subgroup of G ,
the mapping ϕ : G → G/K is perfect. Hence the restriction of ϕ to the preimage G˜ = ϕ−1ϕ(G) is also perfect. Since
{π(Vn): n ∈ ω} is a local base for Y at the point π(e), we conclude that the family {Vn · K : n ∈ ω} = {ϕ−1π(Vn): n ∈ ω}
is a base of open neighborhoods of K in G˜ . In other words, the compact set K has a countable neighborhood base in the
space G˜ . Since G˜ is dense in G , it follows from [2, Lemma 4.3.3] that K has countable character in G . Hence, by [2,
Theorem 4.3.20], the group G is feathered (equivalently, G is almost metrizable). However, the Raı˘kov complete feathered
group G is Cˇech-complete according to [2, Theorem 4.3.15], which ﬁnishes the proof of (b). Since H ⊆ P , the proof is
complete. 
We will show below (see Theorem 3.10) that the quotient space G/H in Theorem 3.1 can be made completely metrizable,
i.e., metrizable by a complete metric, under an appropriate choice of the subgroup H . The following result clariﬁes the
importance of this strengthening of (a) of Theorem 3.1.
Proposition 3.2. Suppose that a topological group G contains a closed countably compact subgroup H such that the canonical mapping
π : G → G/H is closed and the quotient space G/H is completely metrizable. Then G is strongly countably complete.
Proof. Let d be a complete metric on Y = G/H generating the quotient topology of Y . For every positive integer n, let
λn =
{
B(y,1/n): y ∈ Y },
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γn ’s of G by
γn =
{
π−1(U ): U ∈ λn
}
,
for each n > 0. Let us show that the family {γn: n ∈ N+} witnesses that G is strongly countably complete.
Suppose that {Fk: k ∈ ω} is a decreasing sequence of nonempty closed sets in G such that for every n ∈ ω, there exists
k ∈ ω satisfying Fk ⊆ V for some V ∈ γn . Clearly, {π(Fk): k ∈ ω} is a decreasing sequence of nonempty closed sets in Y .
It follows from the choice of {Fk: k ∈ ω} that for every n ∈ N+ , there exists k ∈ ω such that π(Fk) ⊆ B(y,1/n) for some
y ∈ Y . Since the metric d is complete, we see that the intersection P = ⋂k∈ω π(Fk) is nonempty. Take any point y ∈ P
and choose x ∈ G with π(x) = y. Then xH ∩ Fk = ∅ for each k ∈ ω. Since the set xH is countably compact, it follows that
xH ∩⋂k∈ω Fk = ∅ and, therefore, ⋂k∈ω Fk = ∅. This proves that G is strongly countably complete. 
Here is a corollary to Theorem 3.1 which shows that the quotient space G/H has to be compact metrizable in the case of
a pseudocompact strongly countably complete group G . Afterwards we will show that such a group G is countably compact.
Corollary 3.3. Every strongly countably complete (locally) pseudocompact group G contains a closed countably compact subgroup H
such that the quotient space G/H is metrizable and (locally) compact, and the canonical mapping π : G → G/H is closed.
Proof. Let H be a closed subgroup of G as in Theorem 3.1. Then the metrizable space G/H is (locally) pseudocompact
as an open continuous image of the (locally) pseudocompact space G . It remains to note that every metrizable (locally)
pseudocompact space is (locally) compact. 
Proposition 3.4. Every strongly countably complete (locally) pseudocompact topological group G is (locally) countably compact.
Proof. Suppose that the group G is pseudocompact. By Corollary 3.3, G contains a closed countably compact subgroup H
such that the quotient space G/H is compact and the canonical mapping π : G → G/H is closed. If G fails to be countably
compact, we can ﬁnd an inﬁnite closed discrete subset D of G . Since H is countably compact, the intersection D ∩ xH
is ﬁnite for each x ∈ G . Therefore the image π(D) is inﬁnite. In addition, π(D) is closed and discrete in G/H since the
mapping π is closed. Clearly this contradicts the compactness of G/H . Therefore the group G is countably compact.
If G is locally pseudocompact, apply Corollary 3.3 to ﬁnd a compact neighborhood V of π(e) in the space G/H , where e
is the neutral element of G . Again, since the mapping π : G → G/H is closed, π−1(V ) is a countably compact neighborhood
of e in G . Hence G is locally countably compact. 
The above proposition shows that every pseudocompact group which is not countably compact cannot be strongly count-
ably complete either. This observation complements Example 2.7.
Let us show that ‘strongly countably complete’ in Proposition 3.4 cannot be weakened to ‘sequentially complete’. Our
argument makes use of the concept of h-embedded subgroup (see [1]). We say that a subgroup C of a topological Abelian
group G is h-embedded in G if every homomorphism of C to the circle group T admits an extension to a continuous
homomorphism of G to T.
Example 3.5. There exists a pseudocompact sequentially complete topological Abelian group which is not strongly countably complete
(hence not countably compact). Furthermore, every pseudocompact Abelian group is a quotient of a group as above.
Proof. According to [8, Theorem 5.5], for every pseudocompact Abelian group G , one can ﬁnd a pseudocompact Abelian
group H and a closed pseudocompact subgroup N of H such that all countable subgroups of H are h-embedded and the
group G is topologically isomorphic to the quotient group H/N .
Since the countable subgroups of H are h-embedded, the compact subsets of H are ﬁnite and all countable subgroups
of H are closed (see [1, Proposition 2.1]). In particular, all convergent sequences in H are trivial and therefore H is sequen-
tially complete by Flor’s result in [11]. If G is inﬁnite, so is H . Take any countable inﬁnite subgroup C of H . Then C is not
countably compact (otherwise C would have cardinality at least 2ω). Hence C contains an inﬁnite closed discrete subset D .
Since C is closed in H , we conclude that D is closed and discrete in H , i.e., H is not countably compact. By Proposition 3.4,
H cannot be strongly countably complete. 
Let us recall that a topological group G has countable invariance number if for every open neighborhood U of the identity
e in G , one can ﬁnd a countable family λ of open neighborhoods of e such that for each x ∈ G there exists V ∈ λ with
x−1V x ⊆ U . By a theorem in [14] (see also [2, Theorem 3.4.22]), a group G has countable invariance number if and only if
G is topologically isomorphic to a subgroup of a product of metrizable groups.
The conclusion of Theorem 3.1 can be reﬁned in the case of a group G with countable invariance number. First we need
a simple lemma.
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contains a closed, admissible, invariant subgroup.
Proof. It follows from [2, Theorem 3.4.18] that for every open neighborhood U of e in G , there exists a continuous homo-
morphism p : G → D onto a metrizable topological group D and an open neighborhood V of the identity eD in D such that
p−1(V ) ⊆ U . Clearly, K = ker(p) ⊆ U . In addition, K is a closed, admissible, invariant subgroup of G . Indeed, let {Vn: n ∈ ω}
be a local base at the identity of D such that V 2n+1 ⊆ Vn for each n ∈ ω. Then the open neighborhoods Un = p−1(Vn)
of e in G satisfy U2n+1 ⊆ Un for each n ∈ ω and, clearly, K = p−1(eD) =
⋂
n∈ω Un . Since p is a continuous homomorphism,
K = ker(p) is a closed invariant subgroup of G .
Let P be a Gδ-set in G containing e. Take a family {Un: n ∈ ω} of open sets in G such that P = ⋂n∈ω Un . As above,
for every n ∈ ω we can ﬁnd a continuous homomorphism pn of G onto a metrizable topological group Dn such that
Hn = ker(pn) ⊆ Un . Then H =⋂n∈ω Hn is a closed, admissible, invariant subgroup of G satisfying H ⊆ P . 
Let us turn back to the problem of choosing closed countably compact subgroups H of a strongly countably complete
group G such that the quotient spaces G/H are completely metrizable. Our further argument makes use of the following
fact established by A.V. Arhangel’skii:
Proposition 3.7. If a topological group G contains a dense Cˇech-complete subspace, then G itself is Cˇech-complete.
Proof. Let X be a dense Cˇech-complete subspace of G . Then there exists a family {Un: n ∈ ω} of open sets in G such that
X =⋂n∈ω Un . Clearly, each Fn = G \ On is a closed nowhere dense subset of G . Notice that both X and G are Baire spaces
since X is Cˇech-complete and dense in G .
We claim that the group G is Raı˘kov complete. Assume the contrary and take an element y ∈ G \ G . Then yG ∩ G = ∅.
Hence yG is a homeomorphic copy of G disjoint from G and yG ⊆⋃n∈ω Fn , i.e., yG is of the ﬁrst category in G . Since
yG is dense in G , each intersection yG ∩ Fn is a closed nowhere dense set in yG . It follows that yG ∼= G is of the ﬁrst
category in itself, thus contracting the Baire property of G . This proves our claim.
Since X is Cˇech-complete (and nonempty), [2, Lemma 4.3.4] implies that X contains a nonempty compact set K with a
countable neighborhood base in X . By the density of X in G , the set compact K has a countable neighborhood base in G
(see [2, Lemma 4.3.3]), so G is feathered. Finally, it remains to apply [2, Theorem 4.3.20] according to which every feathered
Raı˘kov complete topological group is Cˇech-complete. 
We also need the following lemma:
Lemma 3.8. Let G be a topological group with countable invariance number and K a compact subgroup of G with a countable neigh-
borhood base in G. Then L =⋂x∈G x−1Kx is a compact invariant subgroup with a countable neighborhood base in G.
Proof. A veriﬁcation of the fact that L is a compact invariant subgroup of G is straightforward and hence we omit it. We
prove only that L has a countable neighborhood base in G . Suppose that {On: n ∈ ω} is a neighborhood base for K in G .
Since K is compact, for every n ∈ ω there exists an open neighborhood Vn of the identity e in G such that K Vn ⊆ On .
Since G has countable invariance number, for every neighborhood U of e in G there exists a countable family λU of open
neighborhoods of e subordinated to U , i.e., for every x ∈ G there exists V ∈ λU such that x−1V x ⊆ U . Let λ =⋃n∈ω λVn . Then|λ|ω and we claim that
L =
⋂
{LW : W ∈ λ}. (∗)
Indeed, take an arbitrary point y ∈ G \ L. Then y /∈ x−1Kx or, equivalently, xyx−1 /∈ K for some x ∈ G . There exists n ∈ ω
such that xyx−1 /∈ On , and the inclusion K Vn ⊆ On implies that xyx−1 /∈ K Vn . Take W ∈ λ such that xW x−1 ⊆ Vn . Then
xLW x−1 = (xLx−1) · (xW x−1) ⊆ LVn ⊆ K Vn . It follows that xyx−1 /∈ xLW x−1 and hence y /∈ LW . This implies (∗).
Thus L is a closed Gδ-set in G and in the compact space K . Therefore L has a countable neighborhood base in K .
But K has a countable neighborhood base in G , so by the transitivity of this property (see [10, 3.1.E]), L has a countable
neighborhood base in G . 
Let us say that a subset Y of a space X is Gδ-dense in X if every nonempty Gδ-set in X meets Y . Clearly, every Gδ-dense
set in X is dense in X .
Lemma 3.9. If G is a strongly countably complete topological group, then G is Gδ-dense in G.
Proof. Let Z be a nonempty Gδ-set in G and e be the identity element of G . Suppose to the contrary that Z ∩ G = ∅,
pick an element z0 ∈ Z , and put Z0 = z−10 Z . Then Z0 is also a Gδ-set in G and e ∈ Z0. Hence Z0 contains an admissible
subgroup of G , say E . Notice that E is closed in G . Clearly z0E ⊆ Z .
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H ⊆ E ∩ G and the quotient space G/H is metrizable. Denote by L the closure of H in G . It is clear that L ⊆ E and hence
z0L ⊆ z0E ⊆ Z . So the set z0L is disjoint from G . Since the group G is Cˇech-complete by (b) of Theorem 3.1, it follows
from [2, Theorem 4.3.7] that G is Raı˘kov complete. Hence the subgroup L of G is compact as the closure of the countably
compact (hence precompact) subgroup H .
Let ϕ : G → G/L be the quotient mapping onto the left coset space G/L. Since H is dense in L, the restriction of ϕ
to G is an open mapping of G onto the subspace ϕ(G) of G/L. This readily implies that the mapping assigning to each
coset xH , with x ∈ G , the set xL is a homeomorphism of G/H onto ϕ(G). Thus G/L contains a dense ﬁrst countable (in
fact, metrizable) subspace ϕ(G). Since G/L is a regular space, it follows that the point ϕ(e) has a countable local base in
G/L (see [10, 2.1.C]). Using the fact that the mapping ϕ of G onto G/L is closed, we conclude that L = ϕ−1(ϕ(e)) has a
countable neighborhood base in G . Therefore, the space G/L is metrizable by [2, Lemma 4.3.19]. As z0L = ϕ−1(ϕ(z0)) is
disjoint from G , we see that ϕ(z0) /∈ ϕ(G).
Let {γn: n ∈ ω} be a sequence of coverings of G by open sets in G witnessing that G is strongly countably complete.
By Lemma 2.4, there exists a Gδ-set P in G containing G as a sequentially closed subset. Making the set P smaller, if
necessary, one can assume that P ⊆⋃γn for each n ∈ ω. We claim that ϕ(P ) = ϕ(G).
Suppose not, and pick points y ∈ ϕ(P )\ϕ(G) and x ∈ P such that ϕ(x) = y. Clearly, x /∈ G . Let {On: n ∈ ω} be a countable
base for G/L at the point y. For every n ∈ ω, choose Un ∈ γn with x ∈ Un . We can also represent the Gδ-set P in the form
P =⋂n∈ω Vn , where each Vn is open in G . Finally, for every n ∈ ω, we choose a point xn ∈ G ∩ Vn ∩ ϕ−1(On) ∩⋂ni=0 Ui .
This is possible since G is dense in G and x belongs to each of the sets Vn , ϕ−1(On), and Ui for i = 0, . . . ,n. Then the
sequence {ϕ(xn): n ∈ ω} converges to y in G/L, and since y /∈ ϕ(G), we see that the set {xn: n ∈ ω} is closed and discrete
in G . It also follows from our choice of xn ’s that for each n ∈ ω, the closed subset Fn = {xk: k n} of G is contained in the
element Un of γn . It is clear, however, that
⋂
n∈ω Fn = ∅. This contradiction proves the equality ϕ(P ) = ϕ(G).
Taking the right translation of P and G by z0 in G , we obtain the equality ϕ(P z0) = ϕ(Gz0). It is easy to see that the
subsets ϕ(G) and ϕ(Gz0) of G/L are disjoint. Indeed, otherwise GL ∩ Gz0L = ∅, whence it follows that GL ∩ Gz0 = ∅ and
z0 ∈ GL. In its turn, the latter inclusion implies that ϕ(z0) ∈ ϕ(G), which is a contradiction.
Since the images ϕ(P ) = ϕ(G) and ϕ(P z0) = ϕ(Gz0) are disjoint, we conclude that P ∩ z0P = ∅. Therefore, P and P z0
are disjoint dense Gδ-sets in the group G . But the group G is Cˇech-complete by Theorem 3.1 and hence has the Baire
property. Clearly, this contradicts Lemma 2.3. Therefore, G is Gδ-dense in G . 
Here is an “internal” characterization of the class of strongly countably complete topological groups.
Theorem 3.10. A topological group G is strongly countably complete if and only if G contains a closed countably compact subgroup H
such that the quotient space G/H is completely metrizable and the canonical mapping π : G → G/H is closed.
Proof. According to Proposition 3.2, it suﬃces to prove the necessity only. So let G be a strongly countably complete
topological group. By Theorem 3.1, the group G is Cˇech-complete and hence is feathered. It follows from Theorem 3.1
that there exists a closed countably compact subgroup H of G such that the quotient space G/H is metrizable and the
canonical mapping π : G → G/H is closed (and therefore open). We have shown in the proof of Lemma 3.9 that the closure
of H in G , say, L is a compact subgroup with a countable neighborhood base in G . Let ϕ : G → G/L be the quotient
mapping. We also know that the space G/L is metrizable. By virtue of Lemma 3.9, G intersects every nonempty Gδ-set
in G , which in its turn implies that ϕ(G) = G/L. Since G/H is homeomorphic to the space ϕ(G) and the latter one is
Cˇech-complete as an open continuous image of the Cˇech-complete space G (see [2, Theorem 4.3.26]), we conclude that
G/H is also Cˇech-complete and, therefore, completely metrizable. 
Remark 3.11. In Theorem 3.10, one cannot drop the condition that the canonical mapping π : G → G/H has to be closed.
Indeed, according to [4, Example 1], there exists a pseudocompact Abelian group G and a closed countably compact sub-
group N of G such that the quotient group G/N is compact and metrizable, but G fails to be sequentially complete. Hence
Theorem 2.5 implies that G is not strongly countably complete.
It is natural to ask when the quotient mapping π : G → G/H in Theorem 3.10 can be made a homomorphism, i.e., when
the subgroup H of G can additionally be chosen invariant. Here is an answer:
Theorem 3.12. The following conditions are equivalent for a strongly countably complete topological group G with identity e:
(a) If P is a Gδ-set in G with e ∈ P , then P contains a closed, countably compact, admissible, invariant subgroup H such that the
quotient group G/H is completely metrizable and the canonical homomorphism π : G → G/H is closed;
(b) G has countable invariance number.
Proof. Take a family {γn: n ∈ ω} of open coverings of G witnessing that G is strongly countably complete.
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H of G as in (a) satisfying H ⊆ V . Since the quotient group G/H is metrizable, there exists a family λ = {On: n ∈ ω} of
open neighborhoods of e in G such that {π(On): n ∈ ω} is a local base at the identity of G/H , where π : G → G/H is the
quotient homomorphism. Let us show that λ is subordinated to U . Take an arbitrary element x ∈ G . By the choice of λ, there
exists n ∈ ω such that π(On) ⊆ π(xV x−1). Then On ⊆ xV x−1H = xV Hx−1 ⊆ xV V x−1 ⊆ xUx−1 or, equivalently, x−1Onx ⊆ U .
We have thus proved that the invariance number of G is countable.
(b) ⇒ (a). Let P be a Gδ-set in G with e ∈ P . For every n ∈ ω, take Un ∈ γn such that e ∈ Un . Then Q =⋂n∈ω Un is a
Gδ-set in G and e ∈ Q . Hence Lemma 3.6 implies that the set P ∩ Q contains a closed, admissible, invariant subgroup H
of G . As in the proof of Theorem 3.1, we see that H is countably compact, the quotient group G/H is metrizable, and the
canonical homomorphism π : G → G/H is closed. 
We are now in the position to deduce items (d) and (e) of Theorem 1.1.
Proposition 3.13. Every strongly countably complete topological group has countable Gδ-tightness and is a Moscow space. In partic-
ular, every Cˇech-complete group is a Moscow space.
Proof. Let G be a strongly countably complete group. By (b) of Theorem 3.1, G is a Cˇech-complete group. Then G is a
k-space since the identity of G (and hence every element of G) is contained in a compact subgroup with a countable
neighborhood base in G . Hence [2, Corollary 6.4.11, 7)] implies that G is a Moscow space. Using the fact that G is a
k-space once again and applying [2, Theorem 5.5.4], we conclude that the Gδ-tightness of G is countable.
It follows from Lemma 3.9 that G is Gδ-dense in G . Notice that countable Gδ-tightness is a hereditary property with
respect to Gδ-dense subspaces, whence the ﬁrst assertion of the proposition follows. The second one follows from the
simple observation that a dense subspace of a Moscow space is again Moscow. 
Let us recall that a subspace Y of a space X is said to be C-embedded (resp., P-embedded) in X if every continuous real-
valued function (pseudometric) on Y extends to a continuous function (pseudometric) on X . Clearly, every P -embedded
subspace of X is C-embedded in X .
In the theorem below we denote by μX the Dieudonné completion of a Tychonoff space X (see [10, 8.5.13]).
Theorem 3.14. Let G be a strongly countably complete topological group and G the Raı˘kov completion of G. Then G is P -embedded
in G and, hence, μG = G.
Proof. By (b) of Theorem 3.1, the group G is Cˇech-complete. Hence G is a Moscow space according to Proposition 3.13.
Since G is Gδ-dense in G by Lemma 3.9, G is C-embedded in G by virtue of [2, Theorem 6.1.7]. The same argument
applied to the Cˇech-complete group G × G and its Gδ-dense subgroup G × G enables us to conclude that G × G is
C-embedded in G × G .
Since every continuous pseudometric on G is a continuous real-valued function on G × G (and its continuous extension
over G×G is again a pseudometric on G), we see that G is P -embedded in G . Notice that the Cˇech-complete group G
is Raı˘kov complete (see [2, Theorem 4.3.7]) and, therefore, is Dieudonné complete. Hence G is the Dieudonné completion
of G , i.e., μG = G . 
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